Abstract. We consider the Dirichlet series
Introduction
We shall consider the Dirichlet series with nonnegative coefficients ∞ k=2 a k k −1−x =: f (x), a k ≥ 0, (1.1) assuming that the series on the left-hand side converges for all x > 0. In Section 3, we shall give a necessary and sufficient condition to ensure this convergence (see (3.9) there).
There is a definite interest in the literature (see, for example, [1] , [2] , [4] , and [6] ) to estimate certain weighted integrals of φ(f (x)) over the unit interval (0, 1), or over the half real axis (0, ∞), where φ and the weight functions in question are specified as follows.
Given p ≥ q > 0, we shall write φ ∈ ∆(p, q) if φ(t) is a nonnegative function defined on [0, ∞), φ(0) = 0, φ(t)t −p is nonincreasing, and φ(t)t −q is nondecreasing on (0, ∞). We write φ ∈ ∆ if φ ∈ ∆(p, q) for some p ≥ q > 0, but the values of p and q are unimportant in the question concerned. Clearly, if φ ∈ ∆, then φ(t) is nondecreasing on [0, ∞). Even more is true: If φ ∈ ∆(p, q) for some p ≥ q > 0, then
The weight functions in this paper are "slowly decreasing." More precisely, we shall write λ ∈ Λ if λ(t) is a positive, nonincreasing function on [1, ∞) and such that
New results
We shall use the following notations:
where {a k : k = 2, 3, . . . } is the sequence of coefficients in (1.1).
Our main result is the following Theorem 1. If λ ∈ Λ, Φ ∈ ∆, and f(x) is defined in (1.1), then there exists a positive constant K depending only on φ and λ such that
It is plain that estimate (2.3) remains valid if A 2 n+1 −1 is replaced by k∈In α k on the left-most side and/or if k∈In α k is replaced by A 2 n+1 −1 on the right-most side of (2.3).
First, we consider the special case, where
Making use of the Cauchy condensation principle yields the following Corollary 1. If γ > 0 and φ ∈ ∆, then there exists a positive constant K depending only on γ and φ such that
from (2.4) it follows immediately that
Second, we consider the even more special case, where γ := 1, i.e., let λ(t) := t −1 .
Corollary 2. If φ ∈ ∆, then there exists a positive constant K depending only on φ such that
(2.5)
In particular, if φ(t) := t p for some p > 0, then (2.5) provides an exact estimate for the L p -norm of the sum of the Dirichlet series (1.1).
Auxiliary results
Our estimation is based on the close relationship between Dirichlet series and power series, which enables us to derive exact estimates for integrals involving the former one by making use of exact estimates for integrals involving the latter one, which has been available in the literature.
To go into details, consider the power series with nonnegative coefficients
assuming that the series on the left-hand side converges for all 0 ≤ x < 1. According to the Cauchy-Hadamard criterion, the condition lim sup
is necessary and sufficient in order that the radius of convergence of series (3.1) be at least 1.
We shall use the following notation:
where I n is defined in (2.1).
The next theorem was proved by Leindler [3] .
Theorem 2.
If λ ∈ Λ, φ ∈ ∆, and g(x) is defined in (3.1), then there exists a positive constant K depending only on λ and φ such that
The first inequality in (3.4) was first proved by Mateljevic and Pavlovic [5] in the special case λ(t) := t −γ for some γ > 0. The second inequality was proved also by them with the seemingly greater quantity φ(s 2 n+1 −1 ) instead of φ(β n ). However, it is easy to see that, under the conditions of Theorem 2, the sums of the series
are of the same order of magnitude. Analyzing the proofs in [3] and [5] , one can conclude the following improvement of the first inequality in (3.4) .
Lemma 1. Let
r n := 1 − 2 −n , n = 0, 1, 2, . . . .
Under the conditions of Theorem 2, we have
with the same constant K as in (3.4).
The next auxiliary result is of crucial importance for our purposes, but it is of special interest in itself. It makes it possible to pass from power series into Dirichlet series.
Lemma 2. Given a Dirichlet series (1.1), introduce the power series
where α n is defined in (2.2) . If the radius of convergence of the series on the left-hand side in (3.6) is at least 1, then
Proof. By (1.1), (2.1), and (2.2), it is plain that
On the other hand,
Combining Lemma 2 with the Cauchy-Hadamard criterion, while making use of the obvious inequality 1 2
yields the following 
As a by-product, we obtain an analogue of the Cauchy-Hadamard criterion of (absolute) convergence of the more general Dirichlet series
where {c k } is a sequence of complex numbers.
Denote by Θ the supremum of those x := Re z, for which series (3.10) converges. By what we have discussed above, it is clear that Θ is determined by the equation
(In (1.1) we have z := 1 + x.) Furthermore, the line given by the equation z = Θ can be viewed as the "line of absolute convergence," which means that series (3.10) converges absolutely for all z with x := Re z > Θ, while it diverges for all z := x < Θ.
Proofs of Theorem 1 and Corollaries 1 and 2
Proof of Theorem 1. (i) By Lemma 2, Theorem 2, and (2.2), while introducing u := 2 −x , we have
This proves the second inequality in (2.3).
(ii) By Lemmas 1 and 2, (1.2), and (2.2), we get similarly that
Hence the first inequality in (2.3) follows easily.
Proof of Corollary 1. From (2.3) it follows immediately that
Making use of the Cauchy condensation principle yields
This proves the first inequality in (2.4). The second inequality in (2.4) can be proved analogously. This proves the right-most inequality in (2.5).
